Based on an ab initio study, we present a structure model for a broad boron sheet, which is the precursor of boron nanotubes. Furthermore we could show that, in contrast to the armchair types, zigzag boron nanotubes have no surface tension (strain energy). As result, we predict that boron nanotubes will exhibit a chirality dependent stability, something that is unique among all nanotubular materials known so far, and we hypothesize that zigzag boron nanotubes do not exist.
I. INTRODUCTION
The element boron is an electron deficient material 1 and has a fascinating chemistry. A big number of known and theoretically predicted modifications show a chemical versatility, which is unique among the elements of the periodic table.
The different bulk modifications of boron are based on B 12 icosahedra. The simplest among them is rhombohedral α-boron 2 , where the icosahedra are centered on the edges of a rhombohedral unit cell. A quite different picture arises when we have a look at boron clusters, where very little was known for a long time. A big step forward was an Aufbau principle 3 postulated by Boustani after extensive numerical studies. It states that stable boron clusters can be constructed from two basic units only: a pentagonal pyramidal B 6 unit and a hexagonal pyramidal B 7 unit 3 . As direct consequence the Aufbau principle predicts quasiplanar 4 , tubular 5, 6 , convex and spherical 7 boron clusters. The existence of quasiplanar clusters or "sheets" could recently been shown by experiments 8 . They seem to be the preferred state of small clusters, which is in full agreement with the theoretical predictions 9 . The existence of these two-dimensional modifications implies the existence of nanotubes and/or fullerenes because during a synthesis a growing (quasi) planar cluster tends to remove dangling bonds by forming closed tubular or polyhedral structures. And indeed pure boron nanotubes seem to exist, as first experimental results show 10, 11 .
Carbon nanotubes 12 can be seen as cylindrical modifications of graphite, because they are geometrically constructed by cutting a rectangular piece out of a single graphite sheet and rolling it up into a seamless cylinder. Almost all the properties of carbon nanotubes can be derived from the properties of a single graphite sheet, i.e. understanding graphite is the key to understand carbon nanotubes. The same connections are likely to hold for boron sheets (BSs) and boron nanotubes (BNTs): knowing and understanding the structure and properties of BSs will be essential to understand BNTs. This paper tries to establish a well defined connection between BSs and BNTs 13 . But the structure of a broad BS, that would be the analog of a single graphite sheet, is not known. Before only the individual structure of different finite size quasiplanar boron clusters was known 4, 14, 15 . They consist of a planar triangular lattice of boron atoms, being modulated by forcing the atoms up and down out of the plane. This corresponds to a system composed of hexagonal pyramidal B 7 units, only. The out of the plane modulation, called "puckering", varies substantially for clusters of different size and is difficult to predict in general. It is usually found in an ab initio optimization for each individual system. Therefore it was not clear which puckering scheme(s) would be favorable if one goes from cluster to periodic systems.
Using ab initio structural optimization methods for solid systems we could find a simple model for a broad BS and show that other possible structures are not stable -indeed they all relaxed to our model. That means that it possesses a well pronounced potential minimum on the energy landscape and thus a high stability. After analyzing the properties of the model, we show how these results can be used to explain the structure and the mechanical properties of BNTs calculated by us, independently. Especially the somewhat surprising constriction of zigzag BNTs, that was reported by us recently 16 , can be explained. Furthermore, big quasiplanar boron clusters with a similar structure (B 22 4 , B 48 14 , B 96 15 ) were already reported before. We can certainly interpret this as a sign for the onset of periodicity in finite size systems and thus as a confirmation of our model.
Facing all these results we believe that our model for broad BSs is valid and that it will be the precursor of BNTs. The existence of BNTs make us wonder whether broad BSs might exist as well. But even if they remain to be a model system they will still be very useful for the understanding of BNTs.
Comparing the cohesive energies of armchair and zigzag BNTs we show that zigzag BNTs do not have a surface tension (strain energy). Therefore we hypothesize that zigzag BNTs do not exists. As direct consequence we predict that BNTs will exhibit a chirality dependent stability, a property that is unique among all nanotubular materials known so far.
II. METHODS
As showed above, due to its electron deficient character 1 boron has a complicated and versatile chemistry. The only theoretical tools that allow to describe its chemistry properly are first principles calculations 3 .
For the structural optimizations of BSs and BNTs we used the VASP package, version 4.4.6 17, 18 . The latter is a density functional theory 19 based ab initio code using plane wave basis sets and a supercell approach to model solid materials, surfaces, or clusters 20 . During all simulations, the electronic correlations were treated within the local-density approximation (LDA) using the Perdew-Zunger-Ceperley-Alder exchangecorrelation functional 21, 22 , and the ionic cores of the system were represented by ultrasoft pseudopotentials 23 as supplied by G. Kresse and J. Hafner 24 .
With the help of the VASP program, one can determine interatomic forces and relax the different degrees of freedom for a given decorated unit cell, and eventually detect atomic configurations which correspond to (local) minima on the total energy landscape. In order to carry out those structure optimizations effectively, we employed a conjugate gradient algorithm 20 and allowed the atomic coordinates as well as all but one lattice parameters to relax. The rigid lattice parameter kept the inter-layer separation for BS and the inter-tubular distance for BNTs fixed at 6.4Å. The size of the k-point mesh for different systems with different unit cells was individually converged such that changes in the total energy were less than 3 meV/atom. During the structural optimizations all interatomic forces were reduced below 0.04 eV/Å. The cutoff energy for the expansion of the electronic wave function in terms of plane waves was 257.1 eV for the relaxations and 321.4 eV for a final static calculation of the total energy. The cohesive energy given in Tables I and II are calculated from
where N is the number of atoms per unit cell. For the analysis of the electronic properties of the BS model we used the Stuttgart TB-LMTO-ASA package, which is a density functional theory 19 code using short range 25 linearized muffin-tin orbitals 26 within the atomic sphere approximation (ASA). It allows static calculations of the electronic properties for periodic systems. We used the non-spin polarized LDA exchange-correlation functional of Barth and Hedin 27 and a k-mesh of 30 x 30 x 3. 
III. BORON SHEETS A. Finding a Structure Model
Following the Aufbau principle 3 a BS is a quasiplanar arrangement of hexagonal pyramidal B 7 units, only. A planar projection of a system with many atoms will always form some kind of triangular lattice (see Fig. 1 ). However the out of plane modulation, the puckering, remains unspecified by the Aufbau principle. Therefore it has to be found in an ab initio structure optimization.
The task for finding a model for a broad BS is to find a periodic puckering scheme that is stable. Such a system can be described completely by the specification of a unit cell.
In order to do so we took puckering schemes of B 22 , B 32 , and B 46 clusters from reference 4, repeated them periodically in a hexagonal super cell containing 16 atoms (see Fig. 2 (b)-(d)), and optimized their structure. For comparison a flat BS was also examined (see Fig. 2(a) ). The initial in-plane boron-boron distance was 1.7Å. During the structure optimization all parameters were allowed to relax, except the inter-layer separation (super cell height) which was fixed at 6.4Å. The k-mesh in reciprocal space was 4x4x2 for the optimization runs and 6x6x4 for a final static calculation of the cohesive energies.
The flat sheet (a) has a local minimum on the energy landscape with a cohesive energy of −6.76 eV/atom. Models (c) and (d) are unstable. Both immediately relaxed to structure (b). The instability of the other structures means that (b) has a well pronounced minimum on the energy landscape and thus a high stability. This is confirmed by its cohesive energy of −6.94 eV/atom which is 0.18 eV lower than the flat sheet's energy (see Table  I ). Therefore the only stable model is (b). An energy difference of about 0.2 eV/atom between structures (a) and (b) was also reported by Cabria et al. 28 , recently. Comparing model (a) and (b) we see that the puckering seems to stabilize the BS. In section III B we will explain why.
To determine the lattice structures of (a) and (b) precisely we performed a series of high precision LDA calculations where we fixed the unit cell of each system for different values of the Cartesian lattice constants A or B and allowed the internal (atomic) degrees of freedom to relax. The different total energy vs. lattice constant points were fitted to two polynomial curves E(A) and E(B) and the equilibrium properties were determined: TABLE I: Detailed description of the LDA optimized lattice structures of the flat (a) and the puckered (b) boron sheet (see Fig. 2 and 3) , the cohesive energy E coh (Eq. 1), and the elastic moduli Cx = C11 and Cy = C22 for stretching a sheet along the Cartesian x or y direction, respectively (Eq. 2). Table I ). In a xy-projection atom 1 sits at the corners and atom 2 at the center of a rectangular unit cell. In the y-direction the atoms generate a simple up and down puckering with a puckering height of ∆z = 0.824Å.
the lattice constants A 0 and B 0 , the cohesive energy E 0 , and the diagonal elements of the elastic tensor C ij , i.e. C x = C 11 and C y = C 22 for stretching the sheets along the Cartesian x or y directions:
with BC being the size of the face of the unit cell whose normal vector lies parallel to the direction of the load. C x and C y can be interpreted as a first approximation to a macroscopic Young's modulus. All values can be found in Table. I. The LDA optimized planar model (a) forms a perfect hexagonal (triangular) lattice with only one atom per unit cell and a single lattice constant A. Because of that symmetry the two elastic moduli C x and C y are the same (see Table I ).
In Fig. 3 we see the unit cell of model (b) in detail. It consists of two basis atoms and its planar projection is almost hexagonal, but not exactly. It is common to describe such a system with a face centered rectangular unit cell with two lattice constants A and B. For A/B = √ 3 = 1.732 the system would be hexagonal again. In our case A/B = 1.760, which is a small but not negligible departure from hexagonal symmetry. Because of the puckering, with a puckering height of ∆z = 0.824 A, it is necessary to describe the system with a threedimensional orthorhombic unit cell. Its lattice parameters can be found in Table I .
B. Properties of the Model
In this section we will analyze the properties of model (b) which turned out to be the most stable structure. Whenever we write 'boron sheet' (BS) we only refer to model (b) in the following.
Mechanical Properties
The elastic modulus of model (b) in Table I is different for stretching the sheet in different directions. How can these anisotropic properties be explained?
Let us have a look at the charge density of the BS at high contours (see Fig. 4) . We see the presence of linear chains of σ bonds lying along the armchair direction and being parallel to each other. At lower contours (ρ < 0.7 e/Å 3 , not displayed) a quite homogeneous distribution of more complicated structures appears that can probably be assigned to multi-center bonds that are very typical for boron materials. An analysis of the electron localization function (ELF) gives similar results so we end up with the following picture of the bonding: on a first level the sheet is homogeneously held together by multi-center bonds, on a second level there are strong σ bonds lying only along the armchair direction.
Because of the strong σ bonds stretching this sheet along the armchair (= y) direction will be much harder than stretching it along the zigzag (= x) direction where only the weaker multi-center bonds are involved. These anisotropic properties are clearly reflected in the different values for the elastic moduli where we roughly have C y ≈ 2C x (see Tab. I). Therefore we can expect that BNTs of different chiralities will have different stiffnesses. For comparison we give Young's moduli for steel (196 GPa) and for a graphite sheet (C x = C y = 1060 GPa 29 ). The breaking of hexagonal symmetry of the lattice structure, as mentioned in section III A, is also a direct consequence of the anisotropic bond properties. Fig. 4 to be of sp type. The Fermi energy lies at E = 0, G is the Γ point.
Electronic Properties
The band structure of the BS for the valence electrons is plotted in Fig. 5 . The BS is metallic as we see two bands crossing the Fermi energy. This in full agreement with earlier studies of BSs 13, 14 . In order to find out the type of the linear σ bonds we plotted the amount of s and p y character as fatness of the bands 31 We do not find individual dispersions of s or p bands but the lowest lying two bands are dispersions which share s and p y character. That means they are bands of sp hybridized orbitals:
The directional coincidence of the p y orbitals with the σ bonds in Fig. 4 identifies them to be of sp type. The strength of the σ bonds originates from the fact that the bands lie 5 to 15 eV below the Fermi energy. The detailed picture for the multi-center bonds, that are predominantly generated by the remaining p x and p z orbitals seems to be more complicated and is under investigation.
In section III A we mentioned that the puckering stabilizes the boron sheet. Now we are able to understand this: flattening the BS would cause p x orbitals to interfere with the σ bonds and eventually destroy them. Therefore the puckering is a mechanism to stabilize the sp σ bonds and thus the BS. An analysis of the charge density of a flat BS (model (a)) shows indeed that there are no σ bonds but only homogeneous multi-center bonds (therefore the lattice structure of model (a) is more symmetric).
The existence of sp instead of sp 2 hybridization in a quasi two-dimensional layered structure is somewhat surprising. Earlier studies of quasiplanar boron clusters 4, 15 presumed the presence of sp 2 hybridization. These assumptions probably have to be reconsidered.
IV. BORON NANOTUBES A. From Boron Sheets to Boron Nanotubes
The geometrical construction of BNTs from BSs is similar to the construction of carbon nanotubes from a graphite sheet 29 . The basic structure is defined by a chiral vector C h which is
and a 1 and a 2 are primitive vectors of the underlying lattice structure. In our case the underlying lattice structure is the puckered BS. But to keep up with earlier results we prefer to relate all BNTs to the honeycomb lattice in full analogy to the construction of carbon nanotubes. This procedure is explained in Ref. 16 and 13.
B. Individual Nanotubes vs. Nanotube ropes
The actual origin of this paper was a recent study by ourselves where we reported bundled zigzag BNTs that were constricted 16 . We conjectured that this constriction is most likely due to the arrangement of the tubes in a bundle (rope) where the tube-tube interactions, which are significantly stronger than for carbon nanotubes, cause the tubes to have different geometries than individual (isolated) BNTs. In order to check this hypothesis we took the constricted BNTs from Reference 16, increased the inter-tubular distance from about 2Å to 6.4Å
32 , and performed a structural optimization. But to our surprise the constriction did not disappear. Even after substantially disturbing the (9,0) structure by homogeneous shrinking, blowing up, or randomly elongating atoms out of their equilibrium position with a maximum amplitude of 0.3Å, the individual (9,0) BNT would always return to its constricted form upon optimization! This is a quite clear disproof of our previous hypothe- The strain energy as function of the nanotube radius. In orange we see the universal strain energy curve for carbon nanotubes (2); the energy depends only on the radius but not on the chirality. For armchair boron nanotubes ( ) we find a quite similar behavior, but the boron tubes have more strain energy. Zigzag boron nanotubes (△) do not have a strain energy as different nanotubes of different radii are isoenergetic. Thus the stain energy of boron nanotubes is chirality dependent! sis and raises the question where the constriction comes from? We will answer this question in section IV C. During the course of this studies we found a quite reliable way to find the BNTs surface structure (the puckering) from ab initio optimizations without assuming a particular puckering scheme. The original problem is that if we take a smooth individual BNT as initial guess of a structure optimization, the surface would not pucker because -in full analogy to our results about BSs in chapter III A -the smooth BNT is a metastable structure. Therefore we first optimize BNT bundles. Here the strong tube-tube interactions distort the smooth initial surfaces and induce a natural puckering. Afterwards we increase the inter-tubular distance to 6.4Å (as above) and optimize again while keeping the inter-tubular distance fixed. The resulting individual BNTs have a surface structure that is gained completely from ab initio. The only real assumption during this optimization procedure is the Aufbau principle 3 which is well established. Overall the procedure just circumvents the shortcomings of the global optimization methods available today, which are only able to find local minima in the vicinity of the initial structures.
In Table II we give the basic results of these simulations: the cohesive energy and the "inter-tubular energy" which is the energetic difference between an individual BNT and its bundled counterpart. This energy is surprisingly big and is caused by covalent inter-tubular bonds 16 . Whereas in the case of carbon nanotubes the tube-tube interaction in a rope is of van der Waals type and thus much smaller. It is interesting to recognize that the inter-tubular energy of (N,N) BNTs (armchair types) is significantly higher than for (N,0) BNTs (zigzag). The structure of boron nanotubes and the presence of σ bonds, represented again by yellow charge density contours at 0.9 e/Å 3 : (a) A (6,6) armchair nanotube. It has bent σ bonds in circumferential direction which generate a surface tension. (b) A (9,0) zigzag nanotube exhibits strait σ bonds in axial direction. Because of the lack of bent σ bonds in circumferential direction it has no surface tension.
C. Strain Energy
We can now take the results of table II and calculate the strain energy, which is a measure of a nanotube's surface tension:
For E sheet coh
we use the cohesive energy of BS model (b) (see Tab. I) which acts as calibration mark. The result is plotted in Fig. 6 . For comparison we also calculated the strain energy curve for carbon nanotubes. All data points represent ab initio optimized individual nanotubes.
The most striking result is that for BNTs the strain energy and thus the total energy is chirality dependent ! Zigzag BNTs do not have a strain energy and they are all almost isoenergetic to the BS (see Tab. I and II). This seems to be a unique property among all nanotubular materials reported so far.
Before, only the elasticity of armchair BNTs was studied by Boustani et al. 13 with a tight-binding method. They reported a typical strain energy curve lying below the one of carbon nanotubes. In agreement we also found that armchair BNTs have strain energy, but in our case BNTs have more of it than carbon nanotubes.
Chiral nanotubes can be thought of as a certain combination of structural elements from armchair and zigzag tubes defined by the chiral angle 29 . Therefore we think that there will be an individual strain energy curve for every chiral angle lying in-between the armchair and the zigzag curve.
The absence of strain energy in zigzag BNTs now explains the constriction of zigzag BNTs mentioned in paragraph IV B: without a smoothening surface tension the tube is free to have almost any cross-sectional morphology. This is finally the explanation for the different isomers of (9,0) and (10,0) zigzag BNTs reported in Ref. 16 . The energetic differences between them are basically due to the different inter-tubular energies. The same isomers taken individually are isoenergetic.
One could wonder whether a nanotube without surface tension actually makes sense. It is the surface tension which makes it round and stabilizes its tubular structure, without it a nanotube would collapse. Therefore we want to hypothesize that zigzag boron nanotubes do not exist.
But even if zigzag BNTs do not exist the constriction could still be an important mechanism for the formation of B 12 icosahedra which are the basis of all known boron bulk structures 16 . Carbon nanotubes have a universal strain energy curve, which only depends on the tube's radius but not on its chirality (see Fig. 6 ). This is the actual reason why experimentalists are able to control the radius, but not the chirality of carbon nanotubes in a synthesis, nowadays. Here the energetic dependence of BNTs on the chirality could open new paths to structure control in nanotechnology!
D. Understanding the Results
In Fig. 7 we plot a (6,6) and a (9,0) BNT and their charge densities at high contours. In full analogy to the analysis of the BS in Fig. 4 we see linear chains of σ bonds and a surface structure that can be obtained by rolling up the BS along its armchair (a) or zigzag (b) direction. We want to stress again that the surface structure of the BNTs was found completely independent of the BSs. These results are finally a strong indication for the validity of the BS model presented in section III.
It seems that the surface tension of BNTs is generated exclusively by bent σ bonds lying along the circumferential direction (armchair). The multi-center bonds that are also present seem to have no or only a very small effect on this. That means they posses a high directional flexibility. The absence of strain energy in zigzag BNTs is caused by the fact that the linear σ bonds lie in axial and not in circumferential direction.
V. SUMMARY AND CONCLUSIONS
In this study we found a structure model for boron sheets and described its lattice structure in detail. After an analysis of the band structure, the charge density, and the electron localization function we could draw a picture of the basic chemical bonding: on the one hand the sheet is held together by a homogeneous distribution of multi-center bonds on the other hand there are linear sp hybridized σ bonds lying along the sheet's armchair direction, only. The existence of sp hybridization in quasiplanar BS is in contradiction to earlier studies where sp 2 hybridization was conjectured. The anisotropic bond properties are reflected in different elastic moduli C x and C y for stretching the BS in x and y direction, respectively and a lattice structure with slightly broken hexagonal symmetry. Furthermore the origin of the sheet's puckering could be explained as a mechanism to stabilize the sp σ bonds.
We could demonstrate that the construction of boron nanotubes from this model immediately leads to tubes which posses the right surface structure and also have σ bonds along the armchair direction. The surface tension of a nanotubes is generated by the presence of bent σ bonds around the circumference. Since zigzag BNTs only possess σ bonds that are parallel to the tube's axis, they do not have a surface tension. Facing this we could explain the constriction of zigzag BNTs reported by us earlier. As direct consequence of the bond properties we predict that BNTs will exhibit a chirality dependent stability. This could be shown explicitly by calculating the strain energy for individual BNTs. Because a nanotubes without a surface tension is not very likely to subsist, we would like to hypothesize that zigzag BNTs do not exist.
The possible absence of zigzag BNTs could lead to a natural abundance that is chirality dependent: the occurrence of BNTs as function of the chiral angle would have a maximum for armchair BNTs and would be exactly zero for zigzag types. In-between one would have a smooth transition.
Finally we think that the unusual properties of BNTs could open new paths to structure control in nanotechnology! They could be driven by: first, the energetic dependence of BNTs on the chirality and second, the still hypothetical chirality dependence of the occurrence.
